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Abstract— A lumped element equivalent circuit model of the unit 
cell of metamaterial transmission lines loaded with pairs of 
coupled split ring resonators (SRRs) is presented. It is assumed 
that the dominant coupling mechanism between the SRRs 
forming the pair is magnetic, and that the distance between 
SRRs of adjacent cells is high enough to neglect such additional 
inter-resonator coupling. SRRs are oriented with their symmetry 
plane orthogonal to the line axis. Under these conditions, the 
line-to-SRR coupling is also magnetic, the electric coupling being 
negligible. The presented model accounts for the rupture of 
symmetry that can be caused, for instance, by asymmetric 
dielectric loading of the SRRs. Thus, the analysis is carried out 
on a general model where the SRRs of the pair have different 
inductance and capacitance. Then, different cases are studied, in 
particular a line with identical SRRs, and a line with different 
SRRs, but with the same resonance frequency. It is shown that 
coupling between SRRs tends to far or split the resonance 
frequencies of the loaded lines (transmission zeros), except for 
the symmetric case, where only one resonance (different to the 
one of uncoupled SRRs) appears. The model is validated by 
comparing circuit simulations using extracted parameters with 
electromagnetic simulations and experimental data. 
 
Index Terms– Electromagnetic metamaterials, metamaterial 
transmission lines, split ring resonators (SRRs).  
I. INTRODUCTION 
rtificial transmission lines inspired by metamaterial 
concepts, also called metamaterial transmission lines, 
have been a subject of intensive research in the last years. 
These lines are implemented by loading a host line with 
reactive elements, including inductors, capacitors and/or 
resonators. The main relevant aspect of metamaterial 
transmission lines, as compared to ordinary lines, is the fact 
that, thanks to the presence of the reactive elements, there are 
more degrees of freedom for design purposes. It is thus 
possible to tailor both the characteristic impedance and the 
dispersion, opening the path to the implementation of 
microwave components with novel functionalities on the basis 
of impedance and dispersion engineering [1]. To a first order 
approximation, ordinary lines are dispersionless. Hence, 
dispersion engineering is the main differential (and genuine) 
aspect of metamaterial transmission lines as compared to their 
conventional counterparts. Enhanced bandwidth components 
[2]-[5], multiband components [6]-[8], and leaky wave 
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antennas with end-fire to back-fire scanning capability [9]-
[11] are some of the proposed microwave components where 
dispersion engineering plays a fundamental role in their 
designs. 
Many of the previous metamaterial based components have 
been implemented by means of the so-called resonant-type 
approach [12], where the host line is loaded with split ring 
resonators (SRRs) [13] or with other related resonant particles 
(such as CSRRs [14],[15]). For design purposes, lumped 
element equivalent circuit models of the unit cells of these 
artificial lines are very useful. This paper is focused on the 
first approach for the implementation of resonant-type 
metamaterial transmission lines: coplanar waveguides loaded 
with pairs of SRRs [13]. These lines exhibit a stop band 
functionality that may be interpreted as due to the extreme 
effective permeability in the vicinity of the fundamental SRR 
resonance (positive below it and negative above it). By 
loading these lines with shunt inductive strips, the stop band 
is switched to a pair of pass bands with composite                      
right/left handed (CRLH) behavior, namely, backward wave 
propagation at the lower transmission band (due to the 
combined effect of SRRs and shunt strips), and forward wave 
propagation at the upper transmission band (caused by the 
host CPW) [16].  
The first model of these CPWs loaded with SRRs and shunt 
strips was reported in [13], and later revised in [16] to account 
for the effects of the inductive strips on the transmission zero 
frequency, present below the first transmission band. In these 
models, coupling between SRRs of adjacent cells was not 
included, and the orientation of the SRRs was considered to 
be with their symmetry plane orthogonal to the line axis. With 
such orientation, the single coupling mechanism between the 
line and the SRRs is magnetic. However, by rotating the 
SRRs electric coupling must also be accounted for in the 
model (giving rise to mixed coupling), and it explains the 
asymmetry in the reflection coefficients measured from the 
two ports, as demonstrated in [17]. Coupling between 
adjacent SRRs was considered in [18],[19]. In [19] it was 
demonstrated that stopband bandwidth enhancement in SRR-
loaded CPW transmission lines is due to the presence of 
complex modes [20], which appear as conjugate pairs and do 
not carry net power.  
In this paper we study the effects of coupling between the 
SRRs forming the pair for the first time, neglecting the 
coupling between adjacent SRRs. Moreover, orthogonal 
orientation between the symmetry plane of the CPW and the 
symmetry plane of the pair of SRRs is considered. The 
consideration of all the effects together is extremely complex. 
However, for many purposes, the orthogonal orientation is the 
convenient one (to avoid mixed coupling) and coupling 
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between adjacent (cascaded) resonators does not apply in 
single stage structures, or if the SRRs are distant enough. 
Moreover, although for the implementation of metamaterial 
transmission lines the pairs of SRRs are implemented with 
identical resonators, disruption of symmetry may be of 
interest in certain applications, such as sensors and 
comparators based on symmetry properties. Therefore, we 
will consider the more general case of CPWs with asymmetric 
SRR loading (i.e., with different SRRs forming the pair). This 
asymmetry, and the inclusion of magnetic coupling between 
the resonators forming the pair is the novel aspect of the 
present paper as compared to previous models. In section II, 
we present the circuit model of these SRR-loaded lines, 
including magnetic coupling  between the SRRs forming the 
pair. From this model we will be able to obtain the SRR 
resonances (or zeros in the transmission coefficient), where 
different situations will be considered: symmetric loading 
(identical SRRs), asymmetric loading with identical 
resonance frequencies of the individual SRRs but different 
reactance slope, and asymmetric loading with different 
resonance frequencies of the individual SRRs. The model is 
then validated in section III through parameter extraction. 
Finally, the main conclusions are highlighted in section IV. 
II. CIRCUIT MODEL AND ANALYSIS  
A typical topology of the considered lines (unit cell), with 
identical SRRs, is depicted in Fig. 1(a). Rupture of symmetry 
can be achieved, for instance, by using different SRRs, or by 
loading the SRRs with asymmetric dielectric loads 
(interesting for dielectric characterization by comparison to a 
reference load). The circuit model of the unit cell of these 
lines, that accounts for both magnetic couplings (line-to-
resonator, through M1 and M2, and inter-resonator coupling, 
through M’), is depicted in Fig. 1(b). L and C are the per-unit-
cell inductance and capacitance of the line, and the SRRs are 
described by the resonant tanks L1-C1 and L2-C2. 









   
                                    
Fig. 1.  Typical topology of a CPW loaded with a pair of SRRs (a), and 
lumped element equivalent circuit model, considering magnetic coupling 
between SRRs (b). The SRRs (in black) are etched in the back substrate side 
of the CPW (depicted in grey). The model considers the general case of 
different SRRs, or identical SRRs with different dielectric loading.   
 
The circuit of Fig. 1(b) is a -circuit where the shunt 
branches are purely capacitive. Thus, the transmission zeros 
(or resonance frequencies of the coupled resonators) are given 
by the poles of the series reactance. From Kirchhoff’s 
equations, including the different mutual couplings, applied to 
the series branch of the circuit of Fig. 1(b), the impedance of 
this branch is found to be: 












































































where 1 = (L1C1)
-1/2
 and 2 = (L2C2)
-1/2
 are the resonance 
frequencies of the isolated resonators. By forcing the 
denominator of the last term to be zero, the notch (or 






























     (2) 
Note that these frequencies do not depend on the mutual 
couplings, M1 and M2, between the line and the SRRs, but on 
the mutual coupling, M’, between the SRRs. If inter-resonator 
coupling is negligible (M’ = 0), reasonable if the SRRs are 
separated enough, the solutions of (2) are simply 1 and 2. 
In this case, the equivalent circuit is formally identical to the 
one reported in [16], but with two different resonators in the 
series branch, due to the asymmetry of the unit cell. Let us 
now discuss three specific situations considering that M’  0. 
A. Symmetric case 
The simplest one is the symmetric case, where M1 = M2 = 
M, 1 = 2 = 0, L1 = L2 = Lr, and C1 = C2 = Cr. Under these 














                            (3) 
However, one of the solutions, the one with the () sign in 
the radicand of (3) (+), is not actually a transmission zero 
frequency. The reason is that this frequency also nulls the 
numerator of the last term in (1). By applying l’Hôpital’s rule, 
it follows that the series impedance is finite at the frequency 
+; hence, we can conclude that only one transmission zero, 
to the left of 0 (since M’ > 0), appears in the transmission 











Fig. 2. Circuit model of the structure of Fig. 1 for the symmetric case, with 
the inductive coupling between resonators transformed to the equivalent T-
model (a), and circuit that results by applying the magnetic wall concept (b). 
 
The transmission zero frequency for the symmetric case, , 
can alternatively be obtained by applying the magnetic wall 
concept to the circuit of Fig. 1(b). Before that, it is necessary 






































circuit of Fig. 1(b) to the equivalent T-circuit model (see Fig. 
2) [21]. Notice that the inductance of each resonator at both 
sides of the symmetry plane (magnetic wall) is given by 
Lr+M’, from which expression (3) with the (+) sign results. 
For the symmetric case, the model of [13],[16] provides the 
same results, but according to this new analysis the equivalent 
inductance of the resonators includes the effects of M’, i.e.,   
in [13],[16] M' is included in the SRR inductance.                                                 
B. Asymmetric case (different SRRs with same resonance) 
The next analysis is for the asymmetric structure (different 
coupled SRRs), but considering that their fundamental 
resonance frequencies are identical, that is, L1  L2, C1  C2, 












                      (4) 
Note that (4) is formally identical to (3), but replacing the 
inductance Lr with the geometrical mean of the two 
inductances L1 and L2 (both expressions can be written in 
terms of the magnetic coupling coefficient, kM). The two 
frequencies given by (4) null the denominator of the last term 
in (1), but, in general, none of them nulls the numerator. 





11 2 CCMMMCMC                  (5) 
then the numerator of the last term in (1) is also null at +, 
and the impedance of the series branch is finite at this 
frequency (as the application of l’Hôpital’s rule reveals). 













                               (6) 
Thus, if condition (6) is satisfied, then only one transmission 
zero (at ) is expected (notice that (6) represents a balance 
that forces the structure to behave similarly to the symmetric 
one). Otherwise, two transmission zeros at the frequencies 
given by (4), i.e., one above and the other below 0, are 
expected.  
C. General case  
The last analysis corresponds to the asymmetric case with 
arbitrary resonator frequencies (L1  L2, C1  C2, 1  2). In 
this case, the transmission zeros are given by the two 
solutions of (2), and the mutual coupling between resonators 
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If the resonance frequencies of the isolated resonators (1 and 




 >> 0) and M’ is small (this 
later condition is very reasonable in the considered 


























kR  (8)                                          
where we have considered that 1 > 2, and the positive 






 has been introduced 
to simplify expressions (8). The validity of (8) is subjected to 




 (small R) and small values of M’ (or 
kM), avoiding negative radicand in the square root of  in (8). 
 
III. VALIDATION 
To validate the proposed model, we first consider the 
symmetric case, where SRR and CPW dimensions are set to l1 
= 4.8mm, l2 = 3.8mm, c = d = 0.2mm, l = 5.6mm, W = 3mm, 
and G = 1.01mm. The lossless electromagnetic simulations 
(inferred from Agilent Momentum) of the structure (S21), 
considering different values of inter-resonator distance, d’, are 
depicted in Fig. 3 (the considered substrate is Rogers RO3010 
with dielectric constant r = 11.2 and thickness h = 1.27 mm). 
The circuit parameters for the four considered cases 
(extracted from the method reported in [22]) are shown in 
Table I (analytical models for the SRRs are reported in [12], 
[23],[24], but these models are not accurate enough with the 
presence of the CPW). As d’ increases, the mutual coupling 
M’ decreases, and the resonance frequency increases. Note 
that the other circuit parameters do not significantly vary, and 
the agreement between circuit and electromagnetic 
simulations in the region of interest is very good, pointing out 
the validity of the model. The measured responses (shown in 
Fig. 3) are also in good agreement (slight discrepancies are 
due to losses and fabrication related tolerances). 
TABLE I. EXTRACTED CIRCUIT PARAMETERS (SYMMETRIC 
CASE) FOR DIFFERENT VALUES OF d’ 
d’(mm) L (nH) C (pF) Cr (pF) Lr (nH) M (nH) M’(nH) 
0.105 1.82 1.58 0.44 6.85 0.82 1.74 
0.305 1.86 1.58 0.44 6.85 0.82 1.29 
0.505 1.84 1.57 0.43 6.85 0.81 1.02 














Fig. 3. Frequency response (symmetric case) for different values of d’ (a), 
and detail of one of the fabricated samples (bottom) where the ground planes 
have been connected through vias and strips to avoid the slot mode (b). 
Let us now consider the asymmetric SRR-loaded line with 
identical resonance frequency for both SRRs (1 = 2 = 0). 
The considered geometrical parameters are: l = 5.6mm, W = 
3mm, G = 1.01mm; upper (smaller) SRR: l1 = 4mm, l2 = 
3mm, c = 0.2mm, d = 0.1mm, d’ = 0.305mm; lower (larger) 
SRR: l1 = 4.5mm, l2 = 4.1mm, c = 0.2mm, d = 0.725mm, d’ = 
0.155mm. The extracted parameters are: L = 1.77nH, C = 
1.6pF, L1 = 5.0nH, C1 = 0.42pF, L2 = 7.2nH, C2 = 0.29pF, M1 
= 0.513nH, M2 = 0.774nH, M’ = 0.96nH. As expected, two 
notches (one above and the other below 0) are present (the 
agreement between the circuit and electromagnetic simulation 
(a) (b) 
d’ = 0.105mm 
Pre-
print
is very good, according to Fig. 4). We have verified through 
circuit simulation that when condition (6) is satisfied, only 
one notch appears (see Fig. 4).  
 









Fig. 4. (a) Frequency response for the considered asymmetric case with 
identical SRRs resonance frequencies, and circuit simulation corresponding 
to L1 = 5nH, L2  = 7.2nH, M2 = 0.774nH, M1 = 0.645nH, i.e., satisfying (6);  
(b) responses of the CPW loaded with only the larger or smaller SRR. 
 
Finally, we have considered an asymmetric structure with 
different SRR resonance frequencies. The geometry is as 
follows: l = 5.6mm, W = 3mm, G = 1.01mm; upper SRR: l1= 
4.8mm, l2 = 4.6mm, c = d = 0.2mm; lower SRRs: l1 = 4.8mm, 
l2 = 3.8mm, c = d = 0.2mm. We have obtained the frequency 
response and the circuit parameters for four different values 
of d’. The pair of notches (at f = /2 and f+ = +/2) are 
depicted in Fig. 5, and verify that their distance increases as 














Fig. 5. Variation of the notch frequencies as a function of d’ for the 
asymmetric SRR-loaded CPW (a), and detail of the fabricated sample 
(bottom face) for d’ =  0.105 mm (b). 
IV. CONCLUSION 
We have proposed and validated a circuit model for CPWs 
loaded with pairs of magnetically coupled SRRs. The model 
is valid for both symmetric and asymmetric structures. In the 
former case, only one notch in the transmission coefficient 
appears. For asymmetric structures, two notches are present 
and their separation increases as the distance between 
resonators decreases. However, there is a particular case of 
asymmetry, representing a balance condition between circuit 
parameters, where only one notch appears. The agreement 
between circuit, electromagnetic simulations and experiment 
is good in all the cases, supporting the validity of the model. 
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